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A contour-following system using accommodation force control is modeled in the discrete- 

time domain. One of the fundamental problems in the contour-following control of a robot  is 

that the unexpected workpiece disturbances that degrade the system performance. If the information 

about the future as well as the present contour shape is utilized in the edge-following controller, 

better performance may be expected. This type of control is called preview control. A general 

method for developing a preview controller is given. A Kalman filtering algorithm is applied to 

recon,.~truct the system states and to filter noisy force measurements. The force controller 

designed by the preview control method is implemented on a VME-based computer, and 

experimentation using a PUMA 560 industrial robot is presented. Experimental results verify 

that the preview control is a very useful tool for robot force control showing the superior 

performance to the conventional nonpreview control system. 

Key Words: Preview Control, Contour-Following,  Accommodation Force Control, Coordinate 

Frame, Riccati Equation, Standard Linear Control  

1. Introduction 

Force control of a robot manipulator  has been 

one of the major research focuses in the area of 

robotics. Contour-following is a constrained- 

motion task in which a robot must track position 

along a workpiece surface while maintaining a 

desired contact force between the manipulator  

and its environment. With a typical position- 

controlled industrial robot, the contact force must 

be sensed and used to control the robot. The 

edge-following algorithm can be applied to auto- 

mation tasks such as deburring or shape recovery 

(Her and Kazerooni, 1991; Ahmad and Lee, 

1990). Starr (1986) demonstrated contour- 

following motion with accommodation force con- 

trol on a commercial robot. He carried out experi- 

mentation identifying the robot arm dynamics as 
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a simple second-order system in the continuous 

time domain. Merlet (1987) proposed an 

approach to determine a surface contact normal 

using force measurements with a hybrid posi t ion/  

force controller. 

In designing a force control system, a 

transform-based design technique is often used to 

place the closed-loop poles and zeros at desirable 

locations. However, the input-output transfer 

function approach is, in general, laborious for 

high order systems (usually higher than second 

order) and may not result in an optimal design. 

This study investigates optimal preview control to 

design a force controller for edge-following. On 

the preview control, the future input or distur- 

bance information as well as the instantaneous 

error signal is utilized, so that the system can 

prepare against future disturbances. Preview con- 

trol and its applications have been studied by 

Tomizuka and Whitney (1975), Dornfeld et al. 

(1981), Pak and Turner (1986). Since the full 

system state is not directly accessible, a state 

estimator is required. Because of the noisy force 
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measurements, a Kalman filtering algorithm is 

used for the estimator. 

In this paper, a planar contour-following sys- 

tem based on accommodation force control is 

investigated using preview control and Kalman 

filtering algorithms. Although many works of 

preview control have been reported, they are 

mostly theoretical and simulation works and 

there have been only few experimental evalua- 

tions. The experimentation performed in this 

study extends the theoretical analysis to the realm 

of robot force control. The objectives of  the work 

presented herein are: (I) to develop a contour- 

following system using accommodation force 

control, (2) to derive a general preview control 

algorithm, (3) to investigate the feasibility of 

preview control for designing a force controller in 

the edge-following system, and (4) to present 

experimental results. 

2. Modeling of a Contour-Following 
System Using Accommodation 

Analysis of force-motion relations involved in 

a planar edge-following requires task-relevant 

coordinates, which are shown in Fig. 1. Here {C} 

denotes the workpiece (contour) constraint frame 

defined by surface normal (n) and tangent (t), 

,ITI~ does the robot tool frame, and !W} does 
the fixed world (base) frame. In terms of task 

space partitioning, the normal direction to the 

contour must be force controlled and the tan- 

gential direction of this contour must be position 

or velocity controlled. There are two kinematic 

x / 
t Workpiece 

IfW} ,, x 

Robot Tool "~ '~ '~  {T} 

Fig. I Tool-workpicce coordinate frames 

approaches: (1) constant robot tool orientation 

relative to (C}, (2) constant tool orientation 

with respect to {W}. Approach (1) requires both 

translation and rotation of  {T}, while the second 
method involves only translation in the tool 

frame. The choice of  kinematic approach depends 

on the task and on convenience. This study 

chooses the method (2) above, in which the robot 

tool frame {T~ is not rotated, in this case, the 

determination of normal and tangential directions 

to the contour must be considered. According to 

Merlet (1986), the normal and tangential direc- 

tions to the contour can be derived from force 

measurements, assuming ideal frictionless contact 

between the robot tool and the workpiece. How- 

ever, since friction is present between the tool and 

the workpiece, the computed normal and tan- 

gential directions differ from the actual directions 

(Yong, 1993). To minimize contact friction, a 

roller bearing is mounted at the tip of the tool. 

Among several force control approaches (Whit- 

ney, 1987), accommodation force control (Whit- 

ney, 1977) is used for this contour-following 

system since commercial robot manipulators often 

have provision for user-modification of velocity. 

Analyzing the force-motion relations, the com- 

plete edge-following system based on accommo- 

dation force control is shown in Fig. 2. 

A R M  dz)  and ARMy(z)  are the Cartesian 
closed-loop positional robot dynamics along x 

and y directions in {T}. The rotation matrices, 

rR and xCR. which relate (fixed) tool frame and c 

constraint frame directions, will be updated using 

on-line force measurements, c ( ,  ) denotes the 

contour constraint frame relativity, T( . ) the tool 

frame relativity. In Fig. 2 the sensed force error 

is scaled by an admittance gain, and used to 

command manipulator  velocity. The resulting 

force/velocity relationship causes the manipula- 

tor to behave like a generalized damper, with 

damping coefficient equal to the reciprocal of the 

admittance. Only force measurements are neces- 

sary, and no modifications need be made to the 

industrial robot controller. The contact force is 

produced by the interference of the robot and the 

workpiece through their combined mechanical 

impedance. Since a robot system with slow 
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Fig. 2 Block diagram of the contour-following system using accommodation 

cfd: Desired contact force 

cf : Actual contact force 

Cvr Velocity error 

q : Generalized coordinate 
-rq~,: Workpiece position 

cTR, rcR: Rotation matrices 

Cfe: Force error 

Tf : Measured force 

CVd: Desired tangential velocity 

Tqa: Actual manipulator  tool position 

CH(z): Force controller matrix 

CKt: Total  system stiffness matrix 

f A R M :  Robot closed-loop Cartesian position dynamics 

0 1 0 01 ~'~ 0 ARMy(z)  ] 

~K,= 0 0 ' / y  , t =  , n -  t = o ,  I t ~ f l l = , / L ~ + ~ y  ~ ]~ 

motion, i.e., low bandwidth, is expected in this 

work, only the stiffness component of that 

impedance is considered. Note that this system 

contains an integrator, because it is constructed 

using accommodation. Accommodation force 

control uses the commercial robot  controller 

which modifies the robot 's Cartesian position at a 

rate of  3 5 H z .  The admi t t ance  matr ix  OH(z) 

determines the nature of the robots response to 

changes in contact force, and will be addressed 

next. 

3. P r e v i e w  C o n t r o l  for  

E d g e - F o l l o w i n g  

The design of a contour-following system 

involves force control and velocity control. The 

constant tangential velocity is directly fed to the 

robot positioning system, while the force control- 

ler regulates force error. Assuming linearity, after 

designing the force controller, the tangential 

velocity can be introduced to complete the 

contour-following system. A design of the force 

controller using an optimal preview control algor- 

ithm will be discussed in this section. 

3.1 Design of a force controller using preview 
control 

For  robot force control during edge-following, 

the preview information is the geometry of the 

workpiece contour. This future geometry can be 

sensed by a robot-mounted sensor trawding some 

distance ahead of the robot manipulator.  The 

dynamic performance of a force-controlled robot 

can be improved with this future knowledge of 

the workpiece geometry. The complete force con- 

troller consists of two parts: feedback control and 

feedforward preview control. After designing a 

feedback controller, a preview controller will be 
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designed based on the feedback gains. System 

stability is determined solely by the feedback 

controller,  while the preview control ler  addresses 

disturbances. The feedforward preview controller  

appears outside of the closed-loop, and thus has 

no effect on the system stability. 

In order to obta in  the force controller,  we 

assume that the translat ional  robot arm dynamics 

are linear and identical along both x and 3' axes 

in i T } ,  i.e. A R M x ( z ) - A R M y ( z ) = A ( z ) .  This 
is justifiable partly due to the low velocities and 

accelerations inherent in the fine motions of force 

control,  which results in minimal  dynamic  inter- 

action. ~ Then the complex robot arm dynamics  

are decoupled, and it is simplified to model the 

control system with accommodat ion.  According 

to the analysis and modeling of an edge-following 

system in the last section, let the plant to be 

controlled as G(z), 

G(z)= T z+  I 2- z -  I KtA(z) ( la)  

where T represents 28ms of  sampl ing  period. 

and ff z-. I is the Z transform of an integrator 
~ 2 . - 1  

according to the Tust in 's  bi l inear  rule. The total 

system stiffness K~, which must be measured, 

depends on manipula tor  configurat ion and wor- 

kpiece material. However, the force controller  can 

be designed independent  of K, if system compli-  

ance Kt ~ is included explicitly in the force con- 

troller as a control gain: G(z) yields 

T z + l  
G ( z ) = - 2  z - I  A(z)  (Ib)  

In order to develop a preview control system. Eq. 

(Ib)  is transformed to a l inear discrete state-space 

equation such as 

x ( k -  I )=~bx(k)  +-l- 'u(k) 

y ( k ) - -  I I x ( k l  (2) 

where ~ is an n •  n system matrix, 1-' is an 

n -d imens iona l  co lumn vector, H is an n d imen-  

sional row vector, x (k )  is an n -d imens iona l  state 

vector, and u (k ) ,  y (k )  are control input and 

system output respectively. 

Consider ing Fig. 2, as the robot manipula tor  

follows a workpiece surface, the variat ion of 

workpiece position (within a defined coordinate  

frame) causes a force error. The future force 

errors in the workpiece constraint  frame {C} 

can be deduced from 

Cp(k+ i)=CK~ CR Tq~,(k k-i) 

J p,k+i) J - 0 : i = l , . . . , ] %  (3) 

where Tqw(k+ i) is measured i-th step ahead in 

the robot tool frame i T } ,  and iN~ is the finite 

preview length. Thus the deviations of future 

workpiece positions from a current tool position 

in i T } ,  multiplied by a rotation matrix CR and 

a total system stiffness cK t, will be introduced to 

the edge-following system as the preview informa- 

tion. Similar to Pak and Turner (1986) ,  the pre- 

view servo equat ion can be modeled as 

p(k-~ 1 ) = -~p(k )  

p(k )=f tp (k )  (4) 

where ~ is an (.~v~-l)• F I) matrix, p (k )  is 

an (Ne-t 1)-dimensional  preview state vector, I t  

is an ( ] ' v~+ l )  d imens iona l  row vector, which 

are given as 

p(k)=[p(k)  p(te +- I) p(k~-2)  , . .  p(le-Np)] r, 
f i -  Jo . . .o ] ,  

0 I 0 . . . .  0 

0 0 1 . . . .  0 
I ~  - ~ . . o ~  . . 

�9 ~ . . . . . .  

0 . . . . . .  12  

Combin ing  the preview servo model (4) with the 

plant (2) yields an augmented open-loop system. 

z(k - I ) =  A z ( k )  + B u ( k )  

e ( k ) -  Cz(k) (5) 

where : This was verilied by a system identification proce- 
dure using experimental data. The robot manipulator [ ~ 0 ]  [ I ' ]  
was driven in Cartesian axes (x, y, z) with random A: :  0 ~ �9 B=- , 
translational motion command, and the signal from 0 
I.VI)T was measured. The data was fit linear model, z(]e)= I x(k)  ] 
with all in same configuration tbr all three runs. p (k)  

c=[..1 
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Design of the optimal preview controller 
requires a performance index, typically defined by 

] ( j ) =  eT(k)Oe(k)+ uT(k)Ru(k)}  (6) =. 

where 1~' and Q are positive scalar penalty func- 
tions, e(k) the contact force error, and ( �9 )T the 
transpose of ( �9 ). Q in the cost function penalizes 
the force error and R penalizes large values of the 
control input. With a given performance index 
(6) for the augmented system (5), a standard 
optimal output regulator which minimizes the 
cost function will be designed by solving the 
associated Riccati equation such that 

S (k )=ATS(k  + 1)A - A T S ( k  + 1). 

B{BTS(k + l ) B +  R}-~BrS(k+ l). 
A + CTQC (7) 

where 

S(k)==[ S~l(k) S~2(k) 1 S21(k) =sT2(k) 
S~l(k) S~(k) ~' 

Although the augmented system is time-invariant, 
the control input to this system will still be time- 
varying because the solution of Eq. (7) is time- 
varying. Since time varying control systems are 
usually difficult to implement, it is desirable to 
use constant gains in the controller if possible. 
The constant feedback controller and the feedfor- 
ward preview controller for the plant (2) can be 
designed by determining steady-state values for 

S~(k). a.nd Siz(k). Note that Sz2(k) will not be 
used to design the controllers, only the dynamic 
behavior of Sll(k) and $12(k) is of importance. 
Therefore the problem with finite-time duration is 
solved first, then solution of the Riccati Eq. (7) 
can be partitioned to obtain constant preview and 
feedback gains individually. Np is still finite, 
while the problem duration goes to infinity. 

The Riccati equation for Su(k) is independent 
of  the other submatrices. Hence S~(k) may allow 
a time-invariant optimal feedback gain for the 
plant if (2) is completely controllable for all time. 
When we denote SH= lira S~(k),  for a limiting 

solution to Sn(k), a steady-state Riccati equation 
for the plant (2) yields, 

811 :(~Ts11r - -  (I:)TSnF{FTSHF + R}-l 

FTSII~ + HTQH (8) 

which has no time dependence. Furthermore, if 
the plant is reconstructive, $11 is positive definite 

and the minimized performance index, j ( j )  1 

xV(j)Snx(j), may be used as a Lyapunov func- 
tion to prove the optimal closed-loop system is 
asymptotically stable (Dorato and Levis, 1971). 
Corresponding steady-state optimal feedback con- 
troller for the plant (2) is 

K =  {WSHF + R}-WTsH~ (9) 

where K = K ( ~ ) .  K is an n-dimensional gain 
vector, and assures good system dynamic perfor- 
mance as well as a closed-loop system stability. 

Now the feedforward preview controller will be 

addressed. $12(k) depends on Sn(k).  If we let $12 
= lira $12(k), the following theorem allows the 

existence condition for S~2 (see Appendix for 
proof). 

Theorem 

I f  a product o f  an), eigenvalue of  the 
preview model (~) and an)' eigenvalue of  
the closed-loop plant ((I)-FK) lies within the 
unit circle centered at the origin of  the 
complex plane, there exists a steady-state 

matrix S~. 

This condition is for 

Ksys = {BTSB + R}-IBTSA 
= [ K  K++] (10) 

to exist even though S ( ~ )  for the augmented 
system may not exist. Therefore, the time- 
invariant preview controller (constant feedforwar- 
d preview gain) can be determined after the con- 
stant feedback control system is designed, Thus 
we have 

KN = { F T S l l  F ~- R}-WTSa~ (~ 
= [ 0  K~,] (11) 

where 

$1~= q~Sl~-~S~d~{F~SHr + R} -~ 
FTS~z(~-HTQH (12) 

Kpr is an Nvdimensional  gain vector which 
addresses force errors induced by future wor- 
kpiece position disturbances. If the preview length 
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is zero (Np=0) ,  i.e., future force errors are not 

used for the control system, the structure reduces 

to a conventional optimal control. Finally the 

control input u(k) for the plant (2) becomes 

u(k) - Ksysz(k) 

= - [ K  K::]z(k) 
= - Kx(k)  - Kpr~(k) (13) 

where 

~(k) [ p ( k + l )  p ( k + 2 )  . . .  p(k+N,)]L 

Since the full system state x(k) is not directly 

accessible, a state estimator is required in the 

feedback loop. Force measurements from a wrist 

force sensor include measurement noise, and the 

robot system contains unmodeled dynamics and/  

or unknown disturbances. This can result in 

unbounded estimation errors, i.e., the estimator 

may not be stable. For this reason, an optimal 

estimator (Lewis, 1986), which handles noise 

contaminated systems effectively, is chosen for the 

estimator design. 

3.2 Edge-following with preview controller 

and optimal state rstimator 
The preview controller and the Kalman filter 

are combined together for a complete compen- 

sator, and an external reference input is 

introduced to the system. When the contact force 

error, i.e., the output error signal e(k) ,  is fed 

back, the system states can be estimated from 

:~(k) : ~ ( k )  + L{ e(k) - H~(k)} (14) 

where L is the constant Kalman gain, and 

~(k + 1) = ~ ( k )  + F u ( k )  (I 5) 

Then the control input to the contour-following 

system is given by 

u (k) - - K~(k) - K~r~(k) (16) 

Figure 3 shows the contour-following system 

Preview Force Controller 

I ~ I state-space model 

+-T ; ....... 

Fig. 3 Edge-following with preview control 

using accommodation force control, where the 

force controller is designed by the optimal pre- 

view control and the Kalman filtering algorithms. 

The external reference input r(k) represents a 

desired contact force, and y(k) an actual contact 

force. The feedback portion is a series of the 

optimal estimator and the optimal controller, 

while the feedforward portion is a weighted sum 

of preview force errors. 

4. E x p e r i m e n t a l  E v a l u a t i o n  

Experimentation was performed using a 

PUMA 560 robot manipulator with unmodified 

Unimation controller and a 6-axis wrist force 

sensor. Software development was done on a Sun 

SPARC station using "C" programming lan- 

guage, and the controller was implemented on a 

VME-based computer running VxWorks, a real- 

time operating system. The PUMA 560 robot 

was controlled by this external VME computer 

which coordinates the robot manipulator and the 

force sensor. Interaction between the robot and 

the computer was carried out through the use of 

the VAL-II robot programming language resident 

in the standard Unimation controller. A 

potentiometer was used as a preview sensor, and 

the preview information was updated by on-line 

workpiece position measurement. 

Total system contact stiffness Kt was measured 

to be 13.85 N/mm. The translat ional  PUMA 

560 robot  C a r t e s i a n  c l o s e d - l o o p  p o s i t i o n  

[ U,.Xb  :SanOS 1 
Software 

[ VMEComputer l 

Force I commandJ, IAcfion/Reaction 

[Astek F S 6 . ~  I . . . . . . .  ~, . . . . . . . .  [ 

Fig,  4 System hardware layout 



Contour-Following of  a Force-Controlled Industrial Robot Using Preview Control 121 

R a d i u J  = dO rrma 

Fig. 5 Workpiececontours with a 30 ~ step change and 40 mm radius of curvature 

dynamics were identified experimentally to be 

+ 0 003"~43 z - 10.3445 +_j7.0804 
/"1 z) - . - -(z - 0.5890-)(z+~O. 1540 Zf0_3-504) 

(17) 
The plant (;(zl  is transformed to a 4th-order 

observer canonical form in the discrete state-space 

Eq. (2) where 

1.2810 I 0 0 

I--0.2461 0 I 0 

~ =  0.0514 0 0 1 

L-0.0863 0 0 0 

H=[I 0 0 01 

0.00004680 

10.00101501 

U=10.00832209 
[0.00735388 

The feedback controller was designed by adjus- 

ting the penalty function ratio p c = Q / R  in the 

performance index until a satisfactory transient 

response was obtained, thus the design required a 

certain amount of iteration. At closed-loop system 

dampin8 ratio ~'~0.707, the penalty function 

ratio was found to be p~=17370, and the corre- 

sponding feedback gains and 5 step previev, gains 

were: 

K=[92.66023 86.52987 78.31066 63.03770] 

Kt,,,=[ -0.16944 --3.68749 -30.38701 

--30.91311 4.98491] (18) 

Among several preview lengths tested for experi- 

ments, a 5 step preview yielded the best results. 

Theoretically, longer preview will result in better 

performance, and there is no direct relationship 

between the preview length and the stability. 

However, in reality, the system with a preview 

beyond a critical limit showed unstable behavior, 

possibly due to actuator saturation. The steady- 

state Kalman gain was also computed. Since 

actual process noise variance is not available, 

final gain selection is done experimentally so that 

the filter removes the undesired oscillation with- 

out introducing too much lag and slowing the 

response. The selected Kalman gain was 

L-=[0.26747 - 0.04424 -0.00182 

-o.ol881] �9 (19) 

in order to evaluate the performance of the 

contour-following, experiments were carried out 

using two types of force controllers: (1) a force 

controller designed by the preview control 

method, (2) a standard nonpreview linear force 

controller. Considering an overall closed-loop 

transfer function of the edge-following (see Fig. 

2). 
T J + I  

F(z)  2~ tK~H(z)A(z)  -~-~z:-= r~.~ . . . . .  (20) 
l~a z) I F ~ tK, H ( z ) A ( z )  

the standard linear force controller is designed 

using a root locus method (Yong, 1993), such 

that 

D(z) :: 28.50 _z-0.5890 (21) 
z +-0.5650 

where H ( z ) = K t - ~ D ( z ) .  In general, using a 

transform-based design method, the outer force- 

control loop can be designed, at best, as fast as the 

inner position-control loop (De Schutter and Van 

Brussel, 1988). Thus the characteristics of the 

arm dynamics (rise time, overshoot, settling time, 

etc.) were considered as a design criteria for the 

linear force controller. The closed-loop pole loca- 

tions of the complete system corresponding to this 

linear controller are the following: 

z--0.5884 ~-j0.1742 

z =  0.5256_~ j0.2462 (22) 

which shows that the transient mode of the force 

control loop is very close to the inner position 

loop. 
Two phmar contour-following systems, the 

standard linear control system and the system 
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~0 
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using a force controller designed by the preview 
control technique, were tested on  three separate  

tasks at t angen t ia l  speed of  20 mm/sec . :  (a) fol- 

lowing a s t ra ight  edge, (b)  r e spond ing  to a 30 ~ 

step change  in the con tour ,  and  (c) fo l lowing a 

curved  c o n t o u r  of  40 m m  radius  of  curvature .  

F igure  5 shows the workpiece  con tours  for experi-  

ments.  Pe r fo rmance  was charac te r ized  in two 

ways: rms ( roo t -mean-squa re )  force error,  and  

t angen t ia l  speed tha t  may be to lera ted  whi le  

m a i n t a i n i n g  force wi th in  a cer ta in  range�9 The  

second measure  is an ind ica t ion  of  the robustness  
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of the system. The results are illustrated in Figs. 6 

8. 

Figure 6 shows contact force error for a straight 

edge-following. Noise (oscillations) present while 

following,, an edge reflects mechanical vibration of 

the robot manipulator and unmodeled higher- 

frequency dynamics. The force error profiles for 

both systems are very similar, since workpiece 

position disturbance does not appear in the 

straight edge-following. However, within a force 

range of 9.5N -- 13.0N, the maximum tolerable 

tangential tracking speed of the preview control 

system was observed to be 93 mm/sec, while that 

of the linear control system was 58 mm/sec. 

In Fig. 7, when the disturbance input was a step 

change in the contour angle, the preview force 

controller canceled the immediate disturbance 

very effectively. On the other hand, the standard 

linear control system experiences higher force 

error responding to this type of disturbance. Since 

this test intends to present the rejection of step 

disturbance, the rms force error for both systems 

is not calculated. The preview control system 

showed an acceptable tangential speed range of 

30 ~ 32 mm/sec., compared to 23 mm/sec, of 

the standard linear system. 

With a curved contour, the workpiece position 

disturbance is approximately sinusoidal. The 

experimental results shown in Fig. 8 present that 

the preview force controller is also effective in 

reducing the force error due to this sinusoidal 

disturbance, yielding much narrower force error 

envelope compared to the standard linear control 

system. Maximum tangential tracking speed by 

preview was observed to be 32 mm/sec., which is 

about _';0% faster than that by the nonpreview 

linear controller (23 rnm/sec.). 

5. Conclusion 

A robot contour-following system using accom- 

modation force control is modeled. A general 

preview control algorithm is developed, and the 

preview control method is employed to design a 

force controller in the edge-following system. For 

experimental verification, the force controller, 

along with optimal estimator, is implemented on 

a PUMA 560 robot. In order to ewduate the 

performance of the preview control system, exper- 

iments are carried out to compare its performance 

with that of the convential nonpreview linear 

control system. 

Experimental results demonstrate that the pre- 

view control method can accommodate motions 

with good force regulations and disturbance rejec- 

tions responding to various workpiece contour 

profiles. It is found that relatively short preview 

steps (Np=5)  are enough to observe the effect of 

preview control. It also can be seen that the effect 

of preview is most noticeable at sharp corners or 

on a continuously curving contour, and that the 

performance of preview control is manifested in 

both high tracking speed and small force error. 
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+1.  Also, define an n • m matrix such as 

O(k)=S12(k) -S12(k-  1) (A.I) 

With a steady-state value of Sn,  O(k) can be 
derived as 

|  1)~; k ~  - ~  (A.2) 

Using properties of Kronecker product (Horn 
and Johnson, 1991), Eq. (A.2) can be transfor- 
med to 

,I~(k) = {~T| + l) 

; k ~ - ~  (A.3) 
= { ~ , |  + l) 

where @ denotes Kronecker product, and ~ ( k )  is 
an rim-dimensional column vector corresponding 
to O(k). Again, Eq. (A.3) is equivalent to for- 
ward time system such that 

~F(k+ 1)={~@~pc}rW(k); k-~ +oo (A.4) 

and this is obvious from Eq. (A.1). For the 
system defined in Eq. (A.4) to be asymptotically 
stable, all of the eigenvalue of ~@~c  should be 
inside of  unit circle in the complex plane. This 
implies l imO(k)=0  and guarantees the existence 

k ~  

of a steady-state matrix Si2. Let the sets of 
eigenvalue of ~, and ~c be 

a ( ~ ) = { , ~  ; i = l ,  . . .  ,m} 
a ( ~ c ) = { m  ; j =  l, . . .  ,n} (A.5) 

According to the theorem (Horn and Johnson p. 
245, 1991), the set of  eigenvalue of ~@r will 
be 

6(~@q)~)={,~d#i ; i=1 ,  . . .  ,m and 
j = l ,  . . .  ,n} (A.6) 

Therefore, if Ad~j< I for every i and j ,  the system 
defined in Eq. (A.4) is asymptotically stable and 
evidently there exists a steady-state matrix S12. 

A p p e n d i x  

Let an n •  matrix ~ c = ~ P - - F K  and m=Np 


